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Abstract
In these notes we study the duality between sigma-models and Toda QFT’s. We claim that gl(n|n)
affine Toda field theory behaves in the strong coupling limit as η−deformed CP(n − 1) sigma-model
plus a free field.
Duality is an interesting concept of modern theoretical physics [1]. Especially the weak/strong coupling
one. It replaces strongly interacting regime of one theory with perturbative regime of the other, and
vise versa. In these notes we study the duality between integrable Toda QFT’s based on supergroups
and η-deformed sigma-models along the lines suggested in [2, 3]. We consider gl(n|n) affine Toda field
theory [4, 5]
An =
∫ (
1
8π
(∂aΦ · ∂aΦ) + 1
8π
(∂aφ · ∂aφ) + Λ
n∑
k=1
(
ebΦk−iβφk + eiβφk−bΦk+1
))
d2ξ, β =
√
1 + b2, (1)
where φ = (φ1, . . . , φn), Φ = (Φ1, . . . ,Φn) are two n−component bosonic fields and Φn+1 def= Φ1. The
parameter b plays the role of the coupling constant of the theory. Each exponent in (1) has fermionic
scaling dimensions ∆ = ∆¯ = 1
2
and hence Λ has a dimension of mass. The theory (1) contains the U(1)
part χ = β
∑
Φk−ib
∑
φk, which is not interacting. In order to make it manifest, we perform the following
transformation of the fields (here Z =
∑n
k=1(Φk + iφk))
Z → (β + b)Z, Z¯ → (β − b)Z¯. (2)
After this transformation the action will have the form
A′n =
∫ (
1
8π
(∂aΦ, ∂aΦ) +
1
8π
(∂aφ, ∂aφ) + Λ
n∑
k=1
(
eb(hk,Φ)−iβ(hk,φ) + eiβ(hk,φ)−b(hk+1,Φ)
))
d2z, (3)
where hk = ek − 1n(e1 + · · ·+ en) and hk = ek − β−1nβ (e1 + · · ·+ en) and ek is the orthonormal basis in Rn.
From (3) it is clear that the “center of mass” field
∑
k Φk decouples.
In order to define QFT (1) correctly, one has to specify the domain of the coupling constant b. One
distinguishes between the weak b→ 0 and the strong-coupling b → ∞ regimes. At b→ 0 one has to add
an additional UV regularization term
πΛ2a2
b2
∫ n∑
k=1
eb(Φk−Φk+1),
1
where a is the UV cut-off. The model defined by the action (1) possesses perturbative integrability in the
mass parameter Λ. In the limit Λ → 0 one can construct an infinite tower of local integrals of motion of
all spins (I
(0)
s , I¯
(0)
s ), s = 1, 2, . . .
I(0)s =
∮ ( n∑
k=1
(
bs−2(∂Φk)
s + (iβ)s−2(∂φk)
s
)
+ . . .
)
dξ,
and similar expression for I¯
(0)
s . One can write explicit formulae for lowest integrals, but they are quite
cumbersome. We note that there exists an analog of quantum Miura transformation for this theory, which
was found in [6]. Using it, one can in principle find a convenient expression for IM’s. For us it is important
that the system of IM’s I
(0)
s can be defined as a commutant of screening charges
Sk =
∮
ebΦk−iβφkdξ, S˜k =
∮
eiβφk−bΦk+1dξ, k = 1, . . . , n, (4)
which correspond to the exponential terms in the action. We stress that I
(0)
s are defined in the theory of
free massless bosonic fields. They are images of total IM’s at the limit Λ → 0. Going beyond the leading
order in Λ is a quite complicated task, but it is believed that the full theory is integrable.
Another test of integrability comes from the perturbative analysis at b→ 0 while keeping Λ fixed. It is
convenient to use Coleman-Mandelstam duality and replace bosonic fields φk by Dirac fermions ψk. This
replacement leads to the theory of n Dirac fermions and n bosonic fields Φk with hidden gl(n) symmetry. It
can be shown perturbatively in the parameter b that the scattering of fundamental particles in this theory
shares the properties of factorized scattering [7]. In particular, one finds an absence of particle production
– a remarkable property of integrable QFT’s. The exact S−matrix for this theory has been conjectured
recently in [7].
In the strong coupling regime b → ∞ the action (1) is useless. However, one can use the following
observation. Each pair of fermionic screening charges (4) defines the conformal algebra of the coset CFT
SU(2)κ/U(1) with κ = −2− b2. It is well known that this algebra commutes with a third screening charge
W =
∮
(b∂Φk − iβ∂φk) eb−1(Φk−Φk+1)dξ,
known also as Wakimoto screening charge. It means that the theory
A˜n =
∫ (
1
8π
(∂aΦ · ∂aΦ) + 1
8π
(∂aφ · ∂aφ) + Λ˜
n∑
k=1
(b∂Φk − iβ∂φk)
(
b∂¯Φk − iβ∂¯φk
)
eb
−1(Φk−Φk+1)
)
d2ξ,
(5)
shares the same integrable structure in the limit Λ˜→ 0 as the original one (1) in the limit Λ→ 0. Actually,
the theory (5) makes sense only in the region b → ∞. In order to regularize its UV behavior one has to
add counterterms. Total renormalized action will have a form of a sigma-model
A˜n = 1
8π
∫
Gµν(X|Λ˜, b2)∂aXµ∂aXνd2ξ, where X = (Φ1, . . . ,Φn, φ1, . . . , φn).
The precise form of the metric Gµν(X|Λ˜, b2) might be very complicated. Moreover, it depends on a chosen
regularization scheme. The only reasonable thing is to find it in the semiclassical approximation b → ∞.
We define
(x1, . . . , xn, y1, . . . , yn) = b
−1(Φ1, . . . ,Φn, φ1, . . . , φn), Λ˜b
2 = et,
2
and make the following anzatz for the classical metric (here zk = xk − iyk)
ds2 =
n∑
k=1
dzkdz¯k + µ(t)
(
n∑
k=1
dzk
)2
+ 2
n∑
k=1
dz2k
n∑
l=1
λl(t)e
(αk+···+αk+l−1,x), (6)
where αk = αn+k are the roots of sl(n): (αk,x) = xk − xk+1, xk+n = xk. This anzatz is consistent with
the symmetry of the problem, but of course it is a matter of a guesswork to find it. The metric (6) should
flow with the RG time −∞ < t < t0 according to the Ricci flow equation [8]
Rµν +∇µVν +∇νVµ = −G˙µν , Vµ = ∇µΦ, (7)
where the vector field Vµ describes the effect of renormalization of the fields. We assume, for simplicity,
that this vector field is a gradient of a scalar function: Vµ = ∇µΦ. Then there exists a solution to (7) with
the desired UV asymptotic
µ(t) = −2
n
ent
ent − 1 , λk(t) =
ekt
ent − 1 , Φ =
n∑
k=1
xk.
We note that we can perform the boost transformation
n∑
k=1
zk → ν
n∑
k=1
zk,
n∑
k=1
z¯k → ν−1
n∑
k=1
z¯k,
and decouple the “center of mass” field
∑
k zk by sending ν → 0. This is equivalent to the transformation
(2), which changes the behavior of the fields in the semiclassical limit b →∞. The decoupled metric has
the form
ds2 = |dz|2 + 2
ent − 1
n∑
k=1
(hk, dz)
2fk(x), fk(x) =
n∑
l=1
elte(αk+···+αk+l−1,x). (8)
This metric is in 2(n − 1) dimensional space with complex coordinates zk = xk − iyk, k = 1, . . . , n − 1,
αk = αn+k are the roots of sl(n) and hk are the weights of the first fundamental representation. For
example, for n = 2 the metric (8) reads
ds2 = dzdz¯ +
1
e2t − 1
(
(et+x + e2t)dz2 + (et−x + e2t)dz¯2
)
.
It can be transformed to the T−dual of the sausage metric [9]
ds2 =
κdζ2
4(1− ζ2)(1− κ2ζ2) +
4(1− κ2ζ2)dϕ2
κ(1− ζ2) , κ = − tanh t,
by simple change of variables
cosh x =
1 + ζ2
1− ζ2 y =
ϕ
4
− i log
(
(1− ζ)(1 + κζ)
(1 + ζ)(1− κζ)
)
.
It is well known that the sausage model coincides with the η−deformed CP(1) sigma-model. We conjecture
that our general metric (8) coincides with the metric of the η−deformed CP(n−1) = SU(n)/SU(n−1)U(1)
sigma-model after T−dualities in all isometry directions.
3
The action of general η-deformed (we take η = iκ) G/H coset sigma model has the form [10]
S = κ
2
∫
Tr
((
g∂+g
−1
)(c) 1
1− iκRg ◦ Pc
(
g∂−g
−1
)(c))
d2x,
where g ∈ G, Rg = Ad g ◦ R ◦ Ad g−1 and Pc is the projection on the coset space. In our case we
take G = SU(n) and H = U(n − 1) = U(1) ⊗ SU(n − 1). The operator R acts in the Lie algebra
g = c⊕α>0 gα ⊕α>0 g−α as
R
∣∣∣
c
= 0, R
∣∣∣
gα
= i, R
∣∣∣
g−α
= −i,
while Rg = A−1RA, Aab = 〈ta g tb g−1〉. Consider for example G = SU(3). We take the basis in the Lie
algebra sl(3) as
t1 =

0 1 01 0 0
0 0 0

 , t2 =

0 −i 0i 0 0
0 0 0

 , t3 =

1 0 00 −1 0
0 0 0

 , t4 = 1√
3

1 0 00 1 0
0 0 −2


and
t5 =

0 0 10 0 0
1 0 0

 , t6 =

0 0 −i0 0 0
i 0 0

 , t7 =

0 0 00 0 1
0 1 0

 , t8 =

0 0 00 0 −i
0 i 0

 .
The generators {t1, t2, t3, t4} form a subalgebra h = su(2)⊕ u(1). It is convenient to take a coset represen-
tative as
g−1 = e
i(ψ−φ)
4
t3−
i(3φ+ψ)
4
√
3
t4e
iθ
2
t5ei(χ+
pi
2
)t7 .
For this choice φ and ψ obviously correspond to isometry directions. Then, computing the metric and the
B−field and performing T−dualities in φ and ψ isometry directions, we find that the B−field vanishes
while the metric takes the form
ds2 = κ
(
dχ2 +
sin2 χ
4
dθ2 − 2i sin θdθ (dψ (sin2 χ− csc2 θ)+ dφ cot θ csc θ)−
− 4i tanχdχ (dφ cot2 χ− dψ cos θ)+ 4dφ2 ((1− κ2) csc2 θ csc2 χ+ κ2)
κ2
+
8dψdφ(κ2 − 1) cot θ csc θ csc2 χ
κ2
+
+
dψ2
(
4 (1− κ2) csc2 θ csc2 χ+ 2κ2 sin2 θ cos 2χ− 2 sec2 χ (κ2 cos 2θ + κ2 − 2) + 3κ2(cos 2θ + 3))
κ2
)
(9)
This metric satisfies Ricci flow equation (7) with Φ = − log(sin 2χ sinχ sin θ)− 8iφ and κ = − tanh 6t. It
is straightforward to find how the metric (9) is related to the metric (8) (here n = 3, q = e8t)
e−(α1,x) = q−1 sin2
θ
2
tan2 χ
(
q
3
2 + (1− q 32 ) cos2 θ
2
sin2 χ
)
,
e(α2,x) = q−
1
2 cos2
θ
2
tan2 χ
(
1− (1− q 32 ) sin2 θ
2
sin2 χ
)
,
(α1, y) = 8ϕ− 2i log
(
tan
θ
2
(
q
3
2 + (1− q 32 ) cos2 θ
2
sin2 χ
))
,
(α1 +α2, y) = 4ϕ− 12ψ − 2i log
(
sin
θ
2
tanχ
(
1− (1− q 32 ) sin2 θ
2
sin2 χ
))
.
4
We have checked similar statement for CP(3) sigma-model, thus confirming our general conjecture. The
formulae in that case are too long to be presented here.
Our results verify the conjecture that gl(n|n) Toda QFT approaches in the strong coupling limit the
T−dual of the η-deformed CP(n − 1) sigma-model. At first sight this statement looks contradictory. It
is well known that CP(n− 1) sigma-model fails to have integrability at the quantum level. Taking a look
at the action (3) we note that in the limit b → ∞ another “center of mass” field ∑k φk decouples, thus
exactly at b =∞ the theory coincides with the deformed CP(n− 1) sigma-model plus a free field. Taking
into account loop corrections the interaction between the two parts will appear and the theory presumably
will restore the integrability. The precise mechanism of this restoration is an interesting question to be
addressed. Of course our conjecture has to be further checked by other methods in order to be fully
justified. A lot such checks will be done in [7].
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